Abstract. The index of a compact orientable superminimal surface of a selfdual Einstein four-manifold M with positive scalar curvature is computed in terms of its genus and area. Also a lower bound of its nullity is obtained. Applications to the cases M = S 4 and M = CP 2 are given, characterizing the standard Veronese immersions and their twistor deformations as those with lowest index.
Introduction
From a geometrical point of view it is not necessary to justify the study of the second variation operator of minimal surfaces into Riemannian manifolds. In fact, this Jacobi operator carries the information about the stability properties of the surface when it is thought of as a stationary point for the area potential. The first step in this direction was given by Simons [Si] , where he characterized the minimal submanifolds of the sphere with the lowest index (number of independent infinitesimal deformations which do decrease the area). Also, the existence and properties of stable minimal surfaces in Riemannian manifolds have been successful used in the study of their topology (see [MM, SY, SiuY] ), and, from there, a lot of works have been dedicated to studying stability and index of several types of minimal surfaces in very different ambient spaces. The simplest case is that of codimension one, that is, the case of hypersurfaces where people characterize normally those of lowest index (see [Si, FCS, FC, SY, MoR, U] and references therein). Our knowledge is really small when the codimension is greater than one, and only a few particular situations had been considered [MM, SiuY, E, O] . Very recently Micallef and Wolfson in [MW] have dealt with the codimension two case, giving lower bounds for the index of minimal surfaces in four-dimensional Riemannian manifolds whose curvature satisfies a certain condition which includes important particular cases.
The present work was done before the authors knew of the Micallef and Wolfson paper. In spite of it, our article could be thought of as a continuation of [MW] . In fact, we will deal with a special family of minimal immersions from surfaces into four-manifolds and, although we will consider more restrictive assumptions on our ambient spaces, the most significant examples (from geometrical and physical points of view) will be included among them, as we will point out later.
On the other hand, (branched) minimal immersions from surfaces can be also viewed as conformal harmonic maps, that is, they are stationary points for the energy functional, although stability or index as a minimal surface is not the same as stability or index as a harmonic map. However, in the case where the surface has genus zero the space of (branched) minimal immersions and the space of harmonic maps to any Riemannian manifold coincide. So, in this case, the nullity of the minimal immersion, that is, the dimension of the space consisting of the Jacobi fields (infinitesimal deformations through minimal immersions), informs us about the dimension of the moduli space of harmonic maps to that manifold, up to reparametrizations of the surface.
These considerations make attractive to the authors the study of minimal immersions from compact surfaces into self-dual Einstein four-manifolds. The feature of the dimension four can be strongly used in this situation. In fact, we know, since the beautiful work of Atiyah, Hitchin and Singer [AHS] , that the twistor bundle of such a manifold is a complex manifold. So, one can ask for those minimal immersions whose twistor liftings are holomorphic (see [Fr] ). These are the so-called superminimal immersions, which we will deal with in this paper and which can be considered, in some sense, as an analogue to the self-dual connections. In fact, in this case the second order harmonic equation reduces to a first order one. So, we will study here the Jacobi operator of superminimal immersions from compact orientable surfaces into self-dual Einstein four-manifolds. This includes superminimal immersions into real space forms, complex space forms and self-dual gravitons (for example, all the K3-surfaces with the Calabi-Yau metric). Using the conformal geometry of the surface, we will see that all the eigenspaces of the Jacobi second variation operator of our superminimal immersions are complex in a certain sense and, so, they have even dimensions. We will compute and estimate the multiplicities of its negative and zero eigenvalues. In this way, in Theorem 3 we will show that the first eigenvalue of the Jacobi operator of a superminimal immersion from a compact orientable surface into a self-dual Einstein four-manifold with scalar curvature τ is greater than or equal to −τ/6, and in almost all the cases is exactly that value and estimate the corresponding multiplicity. In the case where the scalar curvature of the ambient space is positive, we will associate the eigensections of the Jacobi operator corresponding to the non-positive eigenvalues with holomorphic sections of certain holomorphic line bundles on the surface. This will allow us to show in Theorem 4 that the dimension of the moduli space of superminimal immersions with Euler class c(N ) for its normal bundle from a compact orientable surface with genus g into a self-dual Einstein four-manifold with positive scalar curvature is 6(1 − g) + 2c(N), provided that c(N ) > 4(g − 1), and to compute exactly its index.
Finally, in the last section, we will specialize our methods to the case where the ambient space is the four-sphere or the complex projective plane. A detailed knowledge of the twistor spaces of these two four-manifolds leads us to compute in Corollaries 7 and 8 the dimension of the moduli space of conformal superminimal immersions, with a given Euler class (area) for the normal bundle, from a generic compact Riemann surface with small genus (g ≤ 15 in the case of the sphere and g ≤ 8 in the case of the projective plane). Also, in Corollaries 9 and 11 we will be able to characterize the Veronese surfaces and their twistor deformations both in S 4 and CP 2 as those full superminimal surfaces with lowest index.
In fact, we will see that all the infinitesimal deformations of these surfaces decreasing their areas came from conformal transformations of the ambient spaces. We will finish our work by computing the complete spectrum of the Jacobi operator for these two Veronese surfaces.
The authors are thankful for the valuable suggestions and comments made by the referee.
Superminimal surfaces
Let M be a four-dimensional oriented manifold endowed with a Riemannian metric , . Given a point x ∈ M, let P x be the set of almost Hermitian structures So, J = J h + J v defines an almost complex structure on P which only depends on the oriented conformal structure of M . A central result due to Atiyah, Hitchin and Singer [AHS] is that (P, J) is a complex manifold if and only if the Riemannian metric of M is self-dual.
Consider now an immersion φ : Σ → M from an oriented surface Σ into an oriented Riemmannian four-manifold M . We denote by J the complex structure on Σ compatible with the given orientation. If T ⊥ Σ is the normal bundle of φ, then we have the orthogonal decomposition
Let ∇ be the connection on φ * T M induced from the Levi-Civita connection of T M and let ∇ = ∇ + ∇ ⊥ be the corresponding decomposition. If {e 1 , e 2 , e 3 , e 4 } is an oriented orthonormal local reference on φ * T M such that {e 1 , e 2 } is an oriented reference on T Σ, then we define an almost complex structure, also denoted by J, on T ⊥ Σ by
It is easy to check that ∇ ⊥ J = 0, and so the Koszul-Malgrange theorem [KM] gives a unique holomorphic structure on T ⊥ Σ such that a section ξ ∈ Γ(T ⊥ Σ) (in general, Γ will stand for the space of sections of a vector bundle) is holomorphic if and only if D v ξ = 0 for any v ∈ T Σ, where
We will represent by N this holomorphic line bundle over the surface Σ.
Also, the almost complex structure, once more denoted by J, on φ * T M defined as the sum of the two above gives to φ * T M a structure of complex vector bundle over Σ. In this way we have associated to the immersion φ an almost Hermitian structure
Notice that, following this definition, we can dispose of a twistor lifting only for immersions from an oriented surface into an oriented four-manifold. In fact, if we had chosen on Σ the opposite orientation, then the new twistor lifting would have
The immersion φ is called superminimal if the mapφ is horizontal, that is, φ * (T Σ) ⊂ H. Although it is not explicitly stated, the following result was proved in [Fr] . A consequence of this proposition is that the superminimality of φ does not depend on the chosen orientation on the surface Σ, because the two almost complex structures on φ * T M obtained from the two possible orientations are opposite, and so they are parallel or not simultaneously. Hence, we may talk about superminimal immersions from an orientable surface into an oriented four-dimensional Riemannian manifold.
In this paper we will only consider self-dual Einstein four-manifolds as ambient spaces for our superminimal immersions. This family of Einstein four-manifolds has been extensively studied from different points of view [Be1, Be2] and includes, for instance, orientable real space forms endowed with either of the two possible orientations, complex space forms with the orientation induced from their complex structure, and Ricci-flat Kähler surfaces with the orientation opposite to that induced from their complex structures, for example, K3-surfaces (with any Kähler metric provided from the positive solution to the Calabi conjecture). If the scalar curvature is positive, Hitchin and Friedrich and Grünewald [H, FrG] proved that a compact manifold of this type is isometric either to the sphere S 4 with the standard metric or to the complex projective plane CP 2 endowed with the Fubini-Study metric. If the scalar curvature is zero, Hitchin [H] proved that a compact self-dual manifold is either flat or its universal covering is a K3-surface with the Calabi-Yau metric.
The space of superminimal immersions from orientable surfaces into the above ambient spaces has been also considered by many authors [Br, CheW, ES, G] , and it is big enough. For instance, any compact Riemann surface can be conformally immersed into S 4 or CP 2 as a superminimal surface. Also, all complex and totally real surfaces into Ricci-flat Kähler surfaces are superminimal.
Let φ : Σ → M be our superminimal immersion from the orientable surface Σ into the self-dual Einstein four manifold M whose scalar curvature will be represented by τ . The normal curvature K ⊥ of the immersion φ is given by
where R ⊥ is the curvature tensor of the normal connection ∇ ⊥ , {e 1 , e 2 , e 3 , e 4 } is an oriented local orthonormal reference on φ * T M and {e 1 , e 2 } is a reference on T Σ. Using the Ricci equation and Proposition 1, we obtain that 
where K is the Gauss curvature of the induced metric on Σ. In the case where Σ is a compact surface of genus g, if we denote by A the area of the induced metric, integrating (2) over Σ we have
where c(N ) is the Euler characteristic of the line bundle N . By the way we remark that τA/24π is an integer which is twice the so-called (in the twistor terminology) twistor degree of φ [ES] .
Second variation of the area
As we have seen in Proposition 1, all superminimal immersions are minimal, that is, they are critical points for the area functional. So, it is natural to consider the second variation operator for such an immersion φ. This operator, known as the Jacobi operator of φ and which we will denote by L, is a strongly elliptic operator acting on the compactly supported sections of the normal bundle T ⊥ Σ. Suppose that Σ is compact. Then the Jacobi operator is an endomorphism of the space Γ(T ⊥ Σ) given by [L] :
where ∆ ⊥ is the second order operator
and B, R are defined as follows
σ(e i , e j ), ξ σ(e i , e j ),
where ξ ∈ Γ(T ⊥ Σ), {e 1 , e 2 } is an orthonormal reference tangent to Σ and ⊥ denotes the normal part of a vector tangent to M . Let Q be the quadratic form associated to the Jacobi operator, defined by
We will represent by Ind φ and Nul φ the index and nullity of the quadratic form Q, which are respectively the number of negative eigenvalues of L and the multiplicity of zero as an eigenvalue of L. The eigenspace corresponding to the zero eigenvalue will be refered to as the nullity space of φ and denoted by N (φ).
As φ is superminimal, by using Proposition 1, one checks easily that
Also, we have
But, as M is self-dual and Einstein,R 3443 =R 1221 . Now, from the Gauss equation, we obtain that
and so the Jacobi operator L is given by
A direct consequence of this expression obtained for the Jacobi operator of a superminimal immersion is the following result.
Proposition 2. The Jacobi operator L of any superminimal oriented surface of a self-dual Einstein four-manifold is J-invariant, that is, it commutes with the almost Hermitian structure J defined on the normal bundle. In particular, the multiplicity of all its eigenvalues and, so, its index and its nullity are even.
We continue by proving the following result, which is a slight extension (see the first Remark after its proof) of Theorem 5.10 in [MW] . We include it for the sake of completeness. Proof. From (4) and (5) and integrating by parts we obtain that
On the other hand, from (1) we obtain
where {e 1 , e 2 } is an orthonormal local reference on Σ. Now we are going to compute the integral of the sum above. Integrating by parts, we have that
The two expressions above together with (2) and (6) give
This expression for the quadratic form Q has been already obtained by Micallef and Wolfson (see [MW] , p. 264). Hence, it is clear that the first eigenvalue of L is greater than or equal to − τ 6 , and it is exactly this quantity if and only if dim H 0 (Σ, O(N )) is positive, where, in general we will use H q (Σ, O) for the q-th cohomology group of Σ with coefficients in the sheaf of holomorphic sections of some line bundle on Σ. Now the Riemann-Roch theorem, jointly with the duality of Serre and formula (3), which computes the Euler characteristic for the normal holomorphic line bundle N , tell us that
where N * means the dual or conjugate line bundle of N and κ is the canonical line bundle over Σ. But, we have
is either one or zero according to whether the line bundle κ ⊗ N * is trivial or not. Using (7), our assertion in a) is proved.
If τ is positive, then κ ⊗ N * is a negative line bundle and so it has no global sections on Σ. So, in this case, formula (7) gives us
From here, the only case where dim H 0 (Σ, O(N )) is zero corresponds to g = 0 and A = 24π τ . In this case, Theorem 4 below will tell us that the immersion is stable. Remark. As a consequence of Theorem 3 we obtain that the immersion is stable when the scalar curvature τ is non-positive, and its nullity is zero when τ is negative. This result has been proved in [MW] , Theorem 5.10.
Remark. If the ambient space M is the sphere S 4 , it is already known [Si] that − τ 6 (which is −2 when the curvature of the four-sphere has been taken to be one) is an eigenvalue for the Jacobi operator L. So, in this case, there are no stable two-spheres. If M is the complex projective plane CP 2 , then g = 0 and τA = 24π only happens (see [EGT] ) when φ is an embedding of a Riemann two-sphere over a complex projective line of CP 2 .
Now, we will state and prove our main result in this paper, where we will be able to compute exactly the index of any orientable compact superminimal surface into a self-dual Einstein four-manifold with positive scalar curvature and give strong estimates for its nullity. It is not usual to calculate precisely the index and the nullity for minimal submanifolds, but only to give some estimates which are attained at isolated examples. The method of the proof is to observe that the operator L − τ 6 on the normal bundle looks like a Laplacian operator and to obtain an integral formula by making standard manipulations of Weitzenböck formulae type. In a certain sense, our idea could recall the estimate for the first eigenvalue of the Laplacian for Riemannian manifolds whose Ricci curvature is bounded below by a positive constant given by Lichnerowicz and Obata (see, for instance, [Ch] , p. 82).
Theorem 4. Let φ : Σ → M be a superminimal immersion from an orientable compact surface Σ of genus g into a self-dual Einstein four-dimensional manifold with positive scalar curvature τ . Denote by A the area of the immersion. Then
Nul φ ≥ τA 12π + 2 − 2g and Ind φ = τA 12π + 2g − 2.
Moreover, if τA > 48π(g − 1), then we have the equality
Remark. The main theorem in [MW] applied to our case says that
Proof. We associate to each normal field ξ ∈ Γ(N ) a section ψ ξ of End (T Σ, T ⊥ Σ) by the relation
Moreover, as we can easily see from (1) that ψ ξ • J = −J • ψ ξ , ψ ξ defines a section of the line bundle κ * ⊗ N , where κ * stands for the conjugate of the canonical line bundle over Σ. Using the Koszul-Malgrange characterization of the holomorphic structure of this line bundle, we have that ψ ξ will be holomorphic, that is,
for any tangent vectors u, v ∈ T Σ. Moreover, from the definition (8) and using (2) and (5), the codifferential of ψ ξ can be computed having that
Now, if we define a section T ξ of the bundle End (T Σ, End (T Σ, T ⊥ Σ)) by
then we can state that
From (9) it is easy to conclude that T ξ (Ju, v) = −JT ξ (u, v) for any u, v ∈ T Σ. In particular, T ξ is a trace zero symmetric tensor. This property of T ξ allows us to identify it with a section of the holomorphic line bundle κ 2 ⊗ N * . We are going to compute the codifferential δT ξ of the tensor T ξ . Using the Ricci identity, the symmetry of ψ ξ and the definition (9), we have
Now, we use the relation that we had stablished between T ξ and J and the definitions of Gauss and normal curvatures, and obtain
From (2) and (8) it is straightforward to get
So, if we use the expression for L − τ 6 in terms of the codifferential of ψ ξ obtained above, our computation provides us with the following relation:
Now, take the field ξ to be an eigenfield for the Jacobi operator, that is, such that Lξ + λξ = 0 for a real number λ. Hence δT ξ = λψ ξ . Using the definition (9), theproperties of T ξ and integration by parts, we obtain
So, in the case where the eigenvalue λ corresponding to the eigenfield ξ is negative, we have shown that ψ ξ = 0, that is, the field ξ must be a holomorphic section of the line bundle N . Then, part b) of Theorem 3 and its proof tell us that λ = − τ 6
and
In the case where the field ξ lies on the nullity space N(φ), that is, λ = 0, we have from the same integral formula that T ξ = 0 and, as we remarked before, ψ ξ is a holomorphic section of κ * ⊗ N . In this way, we may define an endomorphism ψ : N (φ) → H 0 (Σ, O(κ * ⊗ N )) which maps each ξ ∈ N (φ) to the corresponding ψ ξ . Our aim is to see that this map ψ is an isomorphism. In fact, if ψ(ξ) = 0 for some ξ ∈N (φ), then from (8), ξ ∈ H 0 (Σ, O(N )). But, in the proof of Theorem 3, we have shown that all the holomorphic sections of N are eigensections of the Jacobi operator L corresponding to the eigenvalue − τ 6 . We conclude that ξ = 0 and, so, ψ is a monomorphism. Now, take a holomorphic section α ∈ H 0 (Σ, O(κ * ⊗ N )), which we will identify with a section of End (T Σ, T ⊥ Σ) satisfying α • J = −J • α. Define the normal field ξ to be − 6 τ Jδα. Using the definition (8), we have
for any v ∈ T Σ. Now, from the Ricci identity, the holomorphicity of α and (2), we obtain
So, the map ψ is surjective and we get the isomorphism
Hence the Riemann-Roch theorem and the Serre duality allow us to prove that the nullity of φ is given by
The inequality about the nullity follows directly from here. Also, from the formula (3),
and, so, the holomorphic line bundle κ 2 ⊗ N * is negative when τA > 48π(g − 1), and in this case we have the equality.
Corollary 5. Let φ : Σ → M be a superminimal immersion from a two-sphere or a torus into a self-dual Einstein four-dimensional manifold with positive scalar curvature τ . Denote by A the area of φ. Then
respectively.
Superminimal immersions into the four-sphere and the complex projective plane
As we mentioned before, the only compact self-dual Einstein four-dimensional manifolds with positive scalar curvature are the sphere S 4 and the complex projective plane CP 2 . From now on we will consider on S 4 the standard metric of curvature one and on CP 2 the Fubini-Study metric of holomorphic sectional curvature 2. Both these metrics have scalar curvatures τ = 12.
We will begin by recalling some important properties of the superminimal surfaces of these two examples. When the ambient space is S 4 , it is well-known that its twistor space can be identified with the complex projective space CP 3 with its complex standard structure, and that the horizontal distribution associated with the twistor projection is given by a complex contact structure (see [ES, G, Sa] ). This twistor space has, of course, a big group of complex transformations, and the subgroup consisting of those that preserve the contact distribution is isomorphic to the Lie group SO(5, C). Let φ : Σ → S 4 be a full superminimal immersion from a compact orientable surface. Then, its twistor liftingφ can be viewed as a holomorphic immersion from Σ into CP 3 whose image lies on the contact horizontal distribution. Moreover, as a horizontal complex curve in CP 3 which is not linearly full must be a line, which is the twistor lifting of the totally geodesic immersion in S 4 , we have thatφ is linearly full in CP 3 . As a consequence, the space of full superminimal immersions into S 4 can be constructed by projecting a certain class of linearly full complex curves of the complex projective space CP 3 . The following properties are well-known: 1) Every minimal immersion of a two-sphere into S 4 is superminimal [Br, C] . 2) The area A of a full superminimal immersion φ is 4π degφ. So A ≥ 12π, and equality holds if and only ifφ is a horizontal rational normal curve in CP 3 [C, B, G] .
3) The non-compact Lie group SO(5, C) of complex contact transformations of CP 3 acts naturally on the space of full superminimal immersions in S 4 keeping the area A fixed. This action is transitive on the subspace of lowest area A = 12π because any two rational normal curves are always projectively equivalent [B, GH] . In particular, this subspace is connected. Notice that the space of branched minimal immersions from a two-sphere into S 4 with fixed area 4πd is connected, as Loo and Kotani have shown [Lo, K] . But it seems to the authors that their arguments do not work when one considers only unbranched immersions.
4) The Veronese embedding of the real projective plane into the sphere S 4 provides a well-known full superminimal immersion from the two-sphere into S 4 which has parallel second fundamental form and induced metric with constant Gauss curvature 1 3 . So, this Veronese map is a full superminimal immersion with area 12π. Hence, one obtains all superminimal immersions into S 4 with area 12π by deforming it by means of the action of the group SO(5, C). We will refer to this family of superminimal immersions as twistor deformations of the Veronese immersion.
Consider now the case where the ambient space is the complex projective plane CP 2 . It is also well-known that the twistor space of CP 2 , as a complex contact manifold, can be identified with the projectified complex tangent bundle PT CP 2 , although, of course, the twistor projection π is not the natural holomorphic projection p : PT CP 2 → CP 2 . The correspondence which maps each superminimal branched immersion φ into CP 2 to the complex curve of the complex projective planeφ = p •φ is one to one, as Chern and Wolfson, Gauduchon, Eells and Salamon proved [CheW, G, ES] . The complex curveφ is frequently called the directrix curve of φ. The following properties have also been obtained: 1) Every minimal immersion of a two-sphere into CP 2 is either a complex immersion or superminimal [CheW] .
2) The area A of a full superminimal immersion φ is 4π degφ+2π deg φ. Another useful and non-written expression for the area A can be/ obtained manipulating results of Theorem 5.2 of [EGT] together with Plücker formulae: A = 2π degφ + 2π degφ * ,φ * being the dual curve of φ. Hence, A ≥ 8π, and equality occurs if and only ifφ is a conic [ES, EGT] .
3) The non-compact Lie group P GL(3, C) of the complex transformations of CP 2 acts, through the directrices curves, on the space of branched full superminimal immersions in CP 2 keeping the area A fixed. This action is transitive on the subspace of lowest area A = 8π because any two non-degenerate conics in CP 2 are projectively equivalent. In particular, this subspace is connected.
4) The totally geodesic totally real embedding of the real projective plane into CP 2 provides a full superminimal immersion from the two-sphere into CP 2 whose induced metric has constant curvature 1 2 and hence area 8π. This immersion will be called the totally real Veronese immersion. So, by deforming this superminimal immersion by the action of the group P GL(3, C), one obtains all superminimal immersions into CP 2 with area 8π. We will refer to this family of superminimal immersions as twistor deformations of the totally real Veronese immersion.
Taking into account Theorem 4, the problem of finding lower bounds for the index and the nullity of a superminimal immersion into the four-sphere or the complex projective plane and characterizing those which attain these bounds is reduced to doing the same for the area. These immersions with lowest index are the natural substitutes for the stable ones, and could represent the equilibrium states for the variational problem that we are considering.
The first results about this subject are due to Simons [Si] , who proved that totally geodesic immersions in S 4 and totally geodesic complex immersions in CP 2 are the minimal immersions with lowest index and nullity (index 2 and nullity 6 for S 4 and index 0 and nullity 4 for CP 2 ). In some sense, these immersions are degenerate because their images are respectively two dimensional equators in S 4 and complex projective lines in CP 2 . In fact, these are the only superminimal immersions which lie on linear subspaces of these two ambient spaces. So, we will exclude these totally geodesic cases, and hence we will consider full superminimal immersions.
The following result gives a lower bound for the area in terms of the genus of the surface. This is in the spirit of the Brill-Noether theorem and, in fact, the proof consits of an adequate use of this theorem. Proof. If φ is such an immersion into S 4 , we have that its twistor liftingφ is a linearly full horizontal curve in the complex projective space CP 3 . Hence, because degφ = A 4π , using the Brill-Noether theorem (see [GH] ) one can obtain the first inequality. On the other hand, if φ represents an immersion of this type into the complex projective plane CP 2 , we have that its directrix curveφ is a linearly full holomorphic curve in CP 2 , and we know from the observations above that Remark. When φ is the Veronese immersion into either of the ambient spaces S 4 or CP 2 , these results tell us that Nul φ = 14 and Nul φ = 10 respectively. One can easily observe that the infinitesimal isometries of the four-sphere and the complex projective plane contribute to that nullity with seven and five independent fields respectively. So, the moduli space of full minimal immersions with lowest area, up to isometries of the ambient space, has dimension seven in the case of the sphere, and five in the case of the complex projective plane. This is in apparent contradiction with [B] , where the dimension computed for this moduli space was ten. It seems to the authors that reparametrizations of the two-sphere were not taken into account.
When the map φ is the Veronese immersion we will be able to compute not only the multiplicities of the two first eigenvalues, but the whole of the spectrum of the Jacobi operator. In order to do this, we will prove the following lemma.
Lemma 13. Let T be a trace zero symmetric two-tensor on a Riemannian surface Σ of genus zero. Then, there exists an one-form α such that T (u, v) = (∇α)(Ju, Jv) − (∇α) (u, v) for all u, v tangent to the surface, where ∇ is the connection associated to the metric and J is any complex structure.
Proof. Let T 0 Σ be the fiber bundle of the trace zero symmetric two-tensors over Σ. We define a differential operator D : Γ(T * Σ) → Γ(T 0 Σ) of order one by the following relation:
(Dα)(u, v) = (∇α)(Ju, Jv) − (∇α) (u, v) for any one-form α on Σ. Notice that this two-tensor Dα satisfies (Dα)(Ju, Jv) = −(Dα) (u, v) , and this is equivalent to being trace zero and symmetric because dim Σ = 2. Moreover, if T ∈ Γ(T 0 Σ), integrating by parts, we have That is, the L 2 -adjoint of the operator D is twice the codifferential δ acting on Γ(T 0 Σ). Using Corollary 4.2 in [BE] , we have the following orthogonal decomposition: Γ(T 0 Σ) = DΓ(T * Σ) ⊕ δ −1 (0).
It suffices to see that the fact that Σ has genus zero implies that δ −1 (0) = 0. In fact, if T ∈ Γ(T 0 Σ), then ω = T (∂ z , ∂ z )(dz) 2 is an order two differential on Σ, where z is a local isothermal parameter. It is immediate that ω is holomorphic if and only if δT = 0. We conclude from the Riemann-Roch theorem. Proof. We start by recalling that the Veronese immersion of the two-sphere S 2 into S 4 has parallel second fundamental form σ and constant length
. This implies that the normal vectors { σ(e 1 , e 1 ),
σ(e 1 , e 2 )} provide us an orthonormal reference, {e 1 , e 2 } being a tangent orthonormal reference. We define a linear map F : Γ(T * S 2 ) → Γ(T ⊥ S 2 ) given by
(∇α)(e i , e j )σ(e i , e j ).
The kernel of F consists of the one-forms α which satisfy (∇α)(Ju, Jv) = (∇α) (u, v) for all u, v tangent to S 2 .
